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Cross section of the processes of neutral pion production as well as pairs of charged fermions 
and bosons in peripherical interaction of leptons, photons are calculated in main logarithmical 
approximation. We investigate the phase volumes and differential cross sections. The differential 
cross section of few neutral pions and a few pairs production are written down explicitly. Considering 
\ the academic problem of summation on the number of pairs for the case of massless particles we 

reproduce the known results obtained in seventies of last century. The possibility to construct the 
|' generator for Monte-Carlo modeling of this processes basing of this results are discussed. 

Or 
& 

I. INTRODUCTION 

Q\ ; The motivation of this paper is the need of creation of realistic Monte-Carlo genera- 
^ ! tors describing the multiparticle production at high energy colliders. We consider the 
case of peripherical interaction of initial particles which corresponds to the kinemat- 
ics of final particles which group a set of jets flying in the wide range of rapidities - 
q I starting from fragmentation region up to pionization region. 

> ! Keeping in mind the possibility to construct the 7 — e and 7 — 7 colliders on the 
^ ■ basis of the e + e~-colliders using the backwards scattering of laser beam we consider 
c5 ; the processes which may be relevant for experiments on this facilities. 

Formulae, obtained below can be applied to the case of jp, ep and p(p)p colliders 
with a straightforward generalization. 

Processes of charged pairs production at high energy beams a — b collisions where 
a, b = 7, e ± have a set of general properties. To remind them let consider process of 
e + e~ pair production at high energy e ± e~ collisions in peripheral kinematics. Matrix 
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FIG. 1: The two-photon mechanism of production of a pion pair. 

element of production of a pair of charged particles in high energy electron-positron 
collisions (center of mass of initial colliding beams is implied) 

e + (p) + e~(k) -> e+(p') + e-{k') + q(q_) + q(q + ), (1) 
s = 2pk > -q\ = — (jfc - k'f ~ -q\ = (p - p') 2 ~ g| = m 2 , (2) 

7 2 2 2 2 /i->\ 

fc = m 1; p = m 2 , (3) 

have a form (here and further we consider the so called «two-photon mechanism» of 
pair production) (see Fig. CD): 

M* = [u{p')^u{p)] [v(k')Yv(k)} O^g^g^, i = e,7r. (4) 

Q1Q2 

We use Gribov representation for photon Green function 



1 



%V =%V+~ (P^ V + Vvky) (5) 

s 

and Sudakov decomposition of 4-momenta 

qi = /3ik + q^, q2 = a 2 p + qi, (6) 
q± = a±p + (3±k + g ± , sa±(3± = q ± + m . 

over «almost light-cone» 4- vectors p = p — k{m\/ 's), k = k — p(m\/s). Further the 
tilde subscripts will be omitted. 

Keeping in mind the conservation law, qi+q 2 = q++q~ and the hierarchy of Sudakov 
parameters, f3\ ^> (3 2 , a i ^ a 2, the matrix element (jlj) can be written down in the 
form 

(8ttc0 2 

9l92 



1 1 

Ni = -v(kf)pv(k), N 2 = -u(p')ku(p), 
s s 

El^i| 2 = EI^ 2 | 2 = 2, (9) 

where factor & l (qi,q 2 ) = $12 = (1 / ' s)k^p l 'O* is the light-cone projection of ampli- 
tudes of the subprocess of charged particles pair production from two virtual photons: 
7* (91)7* (92) —> q{Q-)q{q+)- It is important to note that the quantity Q\ 2 is finite in 
limit s — > 00 as well as Nig. 

II. THE SUBPROCESS 7*(gi)7*(g 2 ) -> q{q-)q(q+) 

In case of electron-positron pair production we have: 



where 



Di = -x+ ((g_ - qif - m 2 ) = q\ - 2x + q + q 2 + x + q% + m 2 , 
£>2 = ((<?- - 92) 2 - w 2 ) = (f- - 2x^q^q 2 + x~q\ + m 2 , 



where x± are the energy fractions of pair components (x± = a±/a 2l x + + X- = 1) 
and $ is two-dimensional Euclidean vector. Using Dirac equation q-u(q-) = mu(q-). 
q + v(q + ) = —mv(q + ) we can rewrite formula ( TTOl ) as: 



= -%_) ( Ap + Bfc&p + Cpgifc) (11) 



s 



where 



A = sx + x_ — — I , B = — , = 



\D 2 DJ : Di D 2 

In case of pion pair production performing the same algebra we obtain: 

= (^f^ + • (12) 

It can be checked that both <I>f 2 , ^12 tends to zero at q\ — > or q 2 — > 0. Below we 
will use the impact factor for production of charged particles pair with invariant mass 
si = (q+ + q-) 2 : 



dsidT 



J\ 2 = I $1 2 *, * = e,7r. (13) 

J 7T 
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The phase volume we parameterize as (we use the relation d A q± = ^da±d(3±d 2 q±±] 



1 d 3 g + d 3 g_ 
-dsi 



—dsidT± 

7T 7T 2E+2E. 



S 4 (qi + q2~q+- q~) = 



dx + d 2 q + 



(14) 



And performing the phase volume integration we obtain (see details in Appendix O) 



1 l 



J 12 



dt 



4 / dx J — qfq 2 (a + b — 4a6) — 2ab (qiqfe) 
o o 

,2 , „-e , 7-e 



(15) 



D = m + aq x + 6g 2 5 

where a = t(l— t) and 6 = x(l — x). After averaging over q\ and <f2 vectors orientations 
we get the well known result fl, 2, 3]: 

r dxdt 



J12 = 



In case of pion pair production we have: 



D 



[a + b — bab] 



(16) 



T7T _ 

J 12 — 



T7T 

J 12 



1 } dxdt r 



g?<g (1 - 4a) (1 - 46) + Sab (q^f 



(17) 



■ -2 -2 



[1 - 4a - 46 + 20a6] . 



We also need to consider the sub-process of pair production by one real and one 

virtual photons 7(&0+7*(x) ~~ * e+ {q+) + e ~( ( Z-) an d 7(^)+7*(x) — * 7r+ (<7+) + 7r ~ (<?-)• 
The values similar to ffTOl) and f[T2l in that case reads as: 
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$0 = e 



(q- — k) 2 — m 2 



p + p- 



q- — X + m 
-q + — k) 2 — m 2 



e v(p+). 



sf — - 



-2g+ + x)p . (-2g+ + fc)e - (2g_ - x)P , , 

+ ; ttt; s 2ep , (1* 



(g_ — k) 2 — m 2 {—q+ + k) 2 — m 2 

where e is the initial photon polarization 4-vector ee* = — ee* = —1, ep = ek = 0. 
Again, using Dirac equation we can rewrite them in form: 



$0 = 



<3?n = -2x+X- 



\ ( 1 








+ \D 





— ^ ^ ^ 00-^- A A A 



q-e , q+ e 



D 



D 



sZL ^ sD 
D ± = f ± + m 2 . 



v(q+)-. 



(19) 

(20) 



So now we define the values similar to ( TT31 ) in case of one real photon: 



P A = J ^± |$e|2 = || « + 2fl) _ 2a(e A xWAX)) , (21) 



2 } dt 
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ttA 
01 



dsidT 



± 
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1 ) dt 



6J A 



{zAe A x 2 (l - 4a) + 4a(eAx)(e^x) 



(22) 



where Dq = m 2 + ax 2 and a = t(l — t). The similar expression can be written down 
for the case when particle B is a photon with polarization vector e#: — > eg. 

Having this boundary impact factors (ED) and ( |22l we can write the cross sections 
of production of two pairs of charged particles in two polarized photons collision: 

a A d 2 q 



77 _ 

ij 



^(£e 2 )J*(g,ei), 



i, j = e,7r. 



(23) 



7r (q 2 ) 2 

This result is in agreement with Cheng- Wu impact picture of high-energy collisions 
ji, 0, @|. Different distributions based on ( |23l ) was considered in (3, 3|- 

To obtain this formula we had rearranged the phase volume of final particles intro- 
ducing new variables - the transferred momentum q = ap + (3k + q± and invariant 
masses of pairs s\ = sa, s 2 = —s(3: 



dV 11 

al 2e+2e- 



(2tt 



_ 8 d 3 qi + d 3 q^ d 3 q 2+ d 3 q 2 - 



2E\ + 2Ei- 2E2+2E2- 
x d 4 q5 4 (p-q-q 2+ - q 2 ~) = 
(2ttV 8 

= dTi±ds\dT2±ds2d 2 q ) 

2s 



5 4 (k + p- qi+ - qi- - q 2+ - 02- 



x 



si = sa 1 



s 2 = -s/3, 



(24) 



where we used the known expression d 4 q = (1 / 1 \2s))d 2 qds\ds2. 

In case of unpolarized photons the cross section of production of two electron- 
positron pairs is 

A 



a 



11 _ 

2e+2e- 



a 



'Jei 



where 



where ( 3 = Ef =1 i 




l + x(l 



1 + zxil 



36 



[175Cs - 38] « 4.78, 



(25) 



(26) 



In case of production of two tt + 7t pairs we have: 

,4 



77 

27T+27T- 



a 



ttM 2 



J-Kl 



(27) 



where 



Jn ~ 36 



dz 







/ 1 



1 - 2x(l 



x) 



1 + 



144 



[7C 3 + 10] » 0.128. 



(28) 
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III. NEUTRAL PIONS PRODUCTION 

Consider now the neutral pion production in 77-collisions. We will obtain below the 
cross sections of one, two and a few neutral pions production. 

For completeness we put here the results for subprocess 7*7* — > 7r° and relevant 
cross sections. 

First let us consider the base decay of neutral pion to two real photons 7r° — > 27. 
It's amplitude have a form: 

M (tt -> 7 {k h ei) 7 (fo, e 2 )) = (^1^2) , A = 94 MeV, (29) 

where we used notation (abed) = £ aj 3 1 sci a b f3 c , d 6 . This amplitude gives the well known 
result: 

a 2 M 3 

T^ 27 = ^ = 7.2 eV. (30) 

Thus for process 7*7* — > 7r we obtain: 

M 12 (7* ("1, ei) 7* (92, e 2 ) -> tt ) = ^- (qie iq2 e 2 ) R 12 , (31) 
where we took into account the external momentum dependence as: 

R12 = R21 = 2 / ctei / dx 2 — — —2 -^2 ' ( 32 ) 







'M 2 - M%x 2 x 3 + gfxiT 2 + %x\Xz 

where t 3 = 1 — x\ — x 2 and M is the constituent quark mass in the fermion triangle 
loop. The quantity R\ 2 is normalized as RuIm^m 2 q 2 = 1- ^ one °f photons is real, 
then: 

M01 (7* ("1, ei) 7 (g 2 , e 2 ) -> 7r°) = (gieig 2 e 2 ) i? i, 

R la = R 10 = 2jdx 1 J dx , w - M — T1 —. 

So now we can consider the processes 

7(fc, ei) + 7(p, e 2 ) -> tt°(^i) + 7r°(^ 2 ), 

7(/c, ei) + 7(p, e 2 ) -> 7r°(pi) + 7r°(p 2 ) + 7r°(p 3 ), 

7(fc, ei) + 7b, e 2 ) -> 7r°(pi) + 7r°(p 2 ) + • • • + 7r°(p n+2 ). 

The phase volumes of final states are: 

7T^27r° d 3 pi d 3 p 2 x4-3-2 c4 / , 1 \ 
^ = 5 (P + fc -Pl-P2) = 



= (2-r 2 J, (33) 

= (27r) "ft is ' V <<A<<1, (34) 
^ + ; = 177^^77- • • • 7^ — (2tt) '5 {p + k- Pl -p 2 Pn+2 ) = 



n 



M 2 

— (35) 

S 

The amplitudes of these processes have a form: 

M 27T ° = (^-) I [eln] [e 2 n] i^, (36 ) 

M 3 ^° = (-^-X £ [einj [n\n 2 ] [n 2 e 2 ] ^01^12^20, (37) 

M (n+2)^ = [g^] [^ 2 ] . . . [n n n n+1 ] [n n+1 e 2 ] x 

X Rq\R\2 • • • Rn,n+lRn+l,0: (38) 



n = — , = 



[en] 2 = 1 — (en) (e*n) , [n\n 2 ] 2 = sin 2 12 , (39) 

where 0i 2 is the azimuthal angle between 2- vector q\ and q 2 . The cross sections then 
reads as: 

d^ 2 '° = y^ji [ein] 2 [e 2 n] 2 R^, (40) 
da '"^° = 2^7« [ " lSl]2 [HlH2]2 [fWa ' (41) 

(2\ n + 2 
[einx] 2 [n^] 2 • • • [n n n n+l f [n n+l e 2 ] 2 x 

j_n / n +i d 2 qi\ 

x R 2 n R 2 l2 ■ ■ ■ R^n+iRl+ifi-r II — - j ( 42 ) 



here L n = ln-^. We also can consider the processes — > (n7r°)e and ee — > ee(n7r°) 
in a same manner. 
In case of photo-production of (n + 2) pions on electron: 

7(fc, e) + e(p) -> 7r°(pi) + 7T°{p 2 ) + • • • + 7r°(p n+2 ) + eO'), 

matrix element have a form: 

n+2 



— siV e [enj [nina] • • • [n n+1 n n+2 ] 
"./-/ 

X Rq\R\2 ■ ■ ■ Rn+l,n+T 



X 



l<?n+2] 

9n+2 



the phase volumes of final state is: 



^ r7 e^ e (n+2)7r _ ^1 ^2 < _ _ d 3 p n+2 d 3 j/ ^^4-3-(n+3) 

2E\ 2E 2 2E n+2 2E' 



x 5 4 (p + k - p - pi - p 2 



x 

Pn+2) = 



= (2*) 



4-3(n+3) 



2 A* 1 



ff ^ n 



7T 



n+2 



and the cross section then reads as: 

2 \ n+2 



d(jl e^e{n+2)^ = Q 



7T /^C/^A ^ +2 (g?V+2/7T 



./?/ (27T) 



4n+7 



n 



= 1 7T 



9n+2 + ™e 



Mi 



X 



n+1 



x [eifiif [nin 2 f ■ ■ ■ [n n+ in n+2 f R 2 01 R 2 12 ■ ■ ■ R 2 n+1 , n+2 ( II ^ 

\i=l Pi 

In particular in case of one and two pions production we have: 

a 3 1 d 2 q 



do 1 '- 



>eir' 



Q 1 



[en] 2 i&, 



/2 87T 2 7T 



+ m 



>e2 ^o a 5 1 d 2 qid 2 q 2 



?2 



fi 2 7 7T 6 7T S 



-2 , o ( Ml\ 



eni] 2 !^] 2 ^^^. (47) 

Pi 



(43) 



(44) 



.(45) 



(46) 



In particular the single pion production total cross section is (Primakoff process 

„3 



(7 



' e7r °(s) - 



Cc S 

1 — (en) (e*n)) In 



4tt 2 / 2 



(48) 



In case of production of n pions on electron-electron collisions: 

e(k) + e(p) -> e(fc') + e(p') + tt°(pi) + 7r°fe) + • • • + 7r°(p n ) : 



the matrix element have a form: 



a " n i n 



M ee^ee(n.n°) = ^ ^ j ( jj R .. +i ) (4g) 



vi=l 



the phase volumes of final state is: 

" 2^ 2^ 2£ 2 " ' 2E n [Z7T) 

X £ 4 (p + k - p' - k' - pi - p 2 Pn) = 

dpi 

and the cross section then reads as: 



(50) 



t [gf + m?/3?] 2 * + mla^f IM ft j ' W J 

where a n+ \ = M%/(s/3 n ). In particular in case of one and two pions production we 
have: 

" fef + ml A 2 ] 2 V [i + mrf ^ 12 X' (52) 

2 6 7r 7 / 4 [gf + m 2 A 2 ] 2 tt [gf + m|«i] 2 

x [nrn^fn^^ttf 1 ^- (53) 

In general for process e + e^e + e + T with T is neutral pion or a single pair in 
case then the transfers momenta to the projectiles do not exceed some values Qi, Q2 



q\ < Qi and y — gf < Q2 the integral in r.h.s. can be performed with logarithmic 
accuracy: 

/ fj* )JM\ = l [Ll + 3LTln 9^ + eln 9i ln 9i ]t (B4) 

M { /s Pi \m 2 e PiJ \™lo&l 3 m e m e m e 

where Lt = In (s/M|.), sa^fix — and Mt is the characteristic mass of produced 
system T. In case of processes for process p+p — » p+p+T the m e — > M p replacement 
should be done. In particular the total cross section of single neutral pion production 
is 



g.ee—^eeir 



11 C^Z/jr 



127T3/2 



L 2 + 6/ (L ff + /)] , Qi = Q 2 < M n , (55) 
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D 




FIG. 2: Feynman diagram for n pions pairs production at photon-photon collisions. 

where / = In (M^/we). 

IV. THE MULTIPLE PAIR PRODUCTION 

Let us now consider the processes of multiple pairs production at electron-positron, 
electron-photon and photon-photon colliders. 

A. Process 77 — > n(e + e~) or n(7r + 7r~) 

The process of n pairs production at photon-photon collisions are shown on Fig. [2] 
and the matrix elements of two, three and n pairs production is shown below: 

M (77) _ i^irafs A B 

M {2) — q 2 ZSP SP 0' 

(77) (lira) s 2 A B 

M (3) ~ 9 2 2 ^0^12^0 , 
HIH2 

M ^n) = ( t TO) T S 2" +1 ^i2 ■ • • 4W$o B , (56) 

Hi ' ' ' Hn+l 

where and §q are boundary factors (see (EE9J), (J2QT) ) , which describe pair top and 
bottom pairs production from one real and one virtual photons. The indexes A and B 
defines the type of particles which are produced. Factors (see (fill), (TT21) describe 
pair production in collision of two virtual photons with momenta qi and qj. Factor 
2 n+1 comes from Gribov's representation of photon propagator 

The phase volumes for two, three, and (n + 2) pairs production have a form (by 
analogy with the case of two pairs production, considered above, we introduce one, 



two, and (n + 1) transferred momenta): 



(77) _ 0-9 -5 1 I dsidTf ds 2 dT 2 \ dqi 



•d+ 



dT 



(2) 



7T - 

S 



i 



(77) _ 0-16-9 1 l ds\dT 1 ds 2 dT 2 ds^dT^ ^ dgi dq 2 d(3\ 



dry," = 2 



7T 



tti (2+n) 



1 /n+2 r I q . r ir- 
S \i=l 



7T 7T 
± 



7T 7T Pi 



IT 



n— 1 in — 



where Sj and e£Tf are the invariant mass and phase volume of z-th pair ( fT4~ 
And the cross section for (2 + n) pairs production have a form: 



(7 



(77) 
(2+n) 



1 

8s 
a 



M, 



(77) 

(2+n) 



dT 



(77) 

(2+n) 



2(n+2) 



271+2^271+1 



' n + J dq 



where we entered the following impact factors: 



II ) ^01^12^23 



J, 



7" B 

^n+l^n+l^J 



A 
01 



7T 



J n+1,0 



57i+2^r^ +2 s 2 



Jij — 



SjdV 



71 



± 



I $7 



13 \ ' 



7T 



11 



(57) 



(58) 



The explicit form of them was already calculated before (see (TT51). (TT61). (TTTfl. (12TT) . 



B. Process 7e — > n(e + e )e or n(V + 7r )e 



The process of n pairs production at electron-photon collisions are shown on Fig. [3] 
and the matrix elements of two, three and 2 + n pairs production is shown below: 



M, 



-(-ye) _ 
(1) ~ 


(4rra) 2 
q \ 




-(-ye) _ 
(2) - 


(47ra)2 

2 2 

9l#2 


S 2 2 N B ^ 



M, 



(7e) 
1 — 



2w+5 

^2"+ 2 A^<l> 12 • • • $„+i >ri + 2 , 

9l ' ' ' #71+2 



(47ra0 



(59) 



where Nb is the boundary factor, which describe bottom electron line. The phase 
volumes for one, two, and (n + 2) pairs production have a form: (again we introduce 
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P v 

FIG. 3: Feynman diagram for n + 2 pairs production at electron-photon collisions. 



the set of transferred momenta) 



J F (7e) 



6 _ 3 1 / dsidTf \ dgi 

Z 7T - 



7T / 7T 



^r(7e) _ o-i3 -7 1 f ^ 5 i^ r i ds 2 dT 2 \ dqidq 2 d(3i 

1 ; S \ 7T 7T 



7T 7T Pi 



and the cross section for (2 + n) pairs production have a form: 



a 



( 7 e) _ 
(2+n) ~~ 



2n+5) 



M, 



(7e) 
(2+n) 

'n+1 

n 



ai (2+n) — 



■ft 1 4ft 



01 J 12 



Jn,n+ll'i 



n,n+l J n+l,0> 



In+1,0 



2 In 



^ra+1, 



n+l 



X 



n+2 



yn+2 



q n +2=o 



(60) 



(61) 



For processes 7e — >• eT the Weizsaecker- Williams enhancement mechanism works. As 
a result the factors ln(l/a^ +2 ) ~ ln(sP n+ i/M^) 2 , ln(l//3 2 ) appears. For details see 
Appendix O 

In particular cases of creation of one and two fermion pairs we obtain (in agreement 
with Lipatov and Frolov result |l, 0, 



r )e^e + e e ^ ® r 

Li 



9 m A 



13 





B 

P p' 

FIG. 4: Feynman diagram for n + 2 pairs production at electron-positron collisions. 



je— >2e + 2e e 



a 



9 9 e 



(62) 



where L e = In (s/mf) and J e was denned in ( |26l ). In cases of one and two charged 
pion pairs production we obtain: 



a 



9M2 VmM^, 



Q2 < M V1 



a 



76— >27r + 27r e 



or 



2 M2 



7T 



L 1T L e J 1Tl Q2 < M n , 



where L n = In [s/M^j and was defined in (EE 



(63) 



C. Process e + e — > n(e + e ) or n(7r + 7r ) 

The process of n pairs production at electron-positron collisions are shown on Fig. HI 
The matrix elements of one and (2 + n) pairs production is shown below: 



M, 



(ee) 
(2+n) 



(4ira) 



n+3 



2 n+3 N A <S> 12 • • • $ 



2 2 



n+2,n+3 



(64) 
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where Na, Nb are lepton's impact factors. The phase volumes for one, two and (n+2) 
pairs production have a form: 



jr(ee) -io -5 1 / dsidF l \ dqidq 2 d/3i 



(1) 

,(ee) 
(2) 



7T 



7T 7T Pi 



rn(ee) n -i7 -9 1 / dsidTf ds 2 dr J \ dq\ dq 2 dq 3 d{3i d(5 2 



7T 7T 



7T 7T 7T ftl 02 ' 



dr^ n) = 2- 7 - 1 V 4 - 9 - ( n 



i f^d Si drt\ ( n +z<iqA h+^dp 

i=l 7T / \z=l A 



S \ l=l 7T 



(65) 



and the cross section for (2 + n) pairs production have a form 



(ee) _ 



1 



(2+n) - gs 



M, 



(ee) 
(2+n) 



aL (2+n) — 



a 2 ^ r d£ 



'"rr 2 

A=l Pi 



2 In 



' 1 1 

A. 



2 In 



n+2 



X 



'n+1 

X ^01 ( II Ji,i+1 ) ^n+2,0- 



(66) 



For the case of creation one and two electron-positron pairs we reproduce the known 
results (see 0, 0, 0, H, H, @, 0, E3|): 



ee— »eee 1 e 



28(^L| 
27 7rm 2 



^66^6626+26 _ _ -^e T f\ f\ . 

07T' 3 m z 

For processes ee — >• ee7r + 7r~ and ee — » ee27r + 27r~ we obtain: 



(67) 



ee^eeir 1 it 



4 a 4 ^ 
27 MJ 



[Lj + 61(^ + 0], Qi~Q 2 <m, 



(7 



ee^ee27r + 27T- _ u ^tt / r 2 



6tt 3 M2 

where = In (s/M 2 ) and / = In (M n /m e ). 



V. GENERALIZATION 



Let us pay some attention to obtained cross sections (1581). (1611). (1671). They have 
similar form. The integration over (3{ leads to some logarithmical enhancement. Let 
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us demonstrate this in case of electron-positron pairs production. Keeping in mind 
the relative arrangements of (see (E5j)) we obtain: 



n dd- ) 7 ^Y 1 L n 

T[^ = L n e Jdx 1 Jdx 2 --- J dx n = (68) 





This can be presented as the integral over complex variable j 



L n r dj (s/m, 

I 1 ' (69) 



n\ I 2iri j n+1 ' 

c J 

where contour C is the small circle around the point j = in the j complex plane. 
Denoting the common part as: 

q/ 2 ™ ( n \ ( „ n+1 

z ^ J \i=i ) \ i=i 7T [q- 
we can rewrite these cross sections in form 



^^nuin^i, (70) 



(77) I $ ( I 2\J ( a T A ry t 

( 7 e) _ I dj ( , 2\3 I a 



B 

= / 2^ j , (71) 

CT (2+») = / ^ ( S / m2 )' 

Considering the production of 1, 2, ... pairs it is convenient to introduce the value ^: 



00 00 



a 



2n / n \ I ,. n+1 



* = ez„ = £— ^- n4m y • (72) 

n =l n =l ^ 7T J \f=l / \/ j=l 7T ) / 

Then the cross sections of production of 1, 2, . . . pairs of charged particles reads as: 



-m = ^(s/mi(^- 2 I^I n+1 , ), (73) 



27TZ \ 7T 2 j 



VI. KINEMATICS OF JETS EMISSION 



Let discuss the kinematics of the definite pair production at collision of two virtual 
photons: 

7* (ft) + 7*(-ft+i) e + {q +t ) + e~(g_i), i = 1, 2, n. 
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Keeping in mind the Sudakov parametrization of the 4-momentum of pairs component 
Q± = OL±iEn p + P ±i Erik + q±_a with 2E = y/s is the center of mass beams total 
energy. Light-like 4 vectors n p = (1, 1, 0, 0), = (1, —1, 0, 0) have space component- 
unit vectors directed along initial 3-momenta of colliding beams, p. k. We choice 
a vector k as £-axes direction. The transverse to the beam direction component 
q±_ = (0, 0, q X: q y ), q\ = —(f can be expressed in terms of the polar angle of the 
relevant particle emission in the center of mass frame: 

^m^y a ' = W' 8 = ± - (74) 

Particle with momentum qi moves in hemisphere p if a.i > Pi and to hemisphere k in 
case Pi > cti. We remind here the conservation low qi — qi+\ = q-i + q + i. In Sudakov 
parametrization it can be written as 

q±,i ~ q±,i+i = q+i + q-i, Pi = P+i + P-i, = a+i + (75) 

where we keep into account the rigorous arrangements of longitudinal Sudakov pa- 
rameters: 

2 

1 > Pi » P 2 > • • • » Pn > 

2 

1 > a n > > • • • > ai > — | , (76) 

with mi ( 2 are the masses of colliding particles or the mass of the created pair compo- 
nent in the case when the relevant initial particle is a photon. 
In paper fll] this results were generalized to the supersymmetric QED case. 



VII. INCLUSIVE CROSS SECTION 



In the experimental set-up with detecting only one pair emitted in peripheral kine- 
matics the differential distributions averaged on kinematical parameters of other pairs. 
Let us describe the modification of cross section of production of n pairs to obtain the 
contribution to inclusive cross section. Keeping in mind the rigorous arrangement by 
magnitude of longitudinal Sudakov parameters we can conclude that two replacements 
must be done. One of them concern the distribution on the longitudinal Sudakov pa- 
rameters of the momentum transferred. Really the replacement must be done: (m is 
the mass of pair components) 

5 j dPi r dp 2 T 1 dp n _ 

m z / s m z / s m z /s 
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^ n .k— l/i lp \{t 1^/1 / /3 \\n—k ' 



= s m«-(i/A)(L e - Mi/A))-' r(t) r(n- fc + i) s (77) 

The quantity Fk )Tl (j3) is normalized as 



J r n 

= • ( 78 ) 

m 2 /s 



Another one is 

5 2 f ( "+ 1 dqi \ ( " d# 



where A = qk — Qk+i- Keeping these factors together we obtain: 

da 11 00 a 2( ™ +2) A 2 
m = ? M^f F ^)G k ,{-), - = - r (80) 

The lowest order inclusive cross section of lepton pair production in 77 collisions for 
the case of unpolarized photon beams is: 

n * r 'e, 



4 da 1 ( a" 



m0W d0d?A = [^ 1 Gl{x)L > 



16 d 2 q 1 1 1 1 
Gi(x) = — 777,4 / — / / J dx% J dx4 



X 



X 





1 + CL\ \ ( 1 + 0>2 \ ( A3 + fl4 — 5a3(Z4 



m 2 + aig 2 / \ m 2 + a 2 {q + A) 2 / \m 2 + a 3 f + a 4 (<f + A) 1 



ai = x 1 (l-x 1 ), a 3 = x 3 (1 - £3) , 

&2 = ^2 (1 — ^2) , 04 = (1 — £4) , 

where x = A 2 /m 2 . Numerical value of the dimensionless quantity G±(x) is given in 
Fig. [5l Numerical integration of this function over all possible tranverse momentum 
gives 

00 

J dxGi(x) « 26.5. (82) 
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FIG. 5: Function G%{x) l[8T|l dependence of x. 



VIII. SUMMATION ON THE PAIR NUMBER 



Using representation of logarithmic enhancement factor L™/n\ in the form of the 
integral over complex variable (see (1691)) the cross section of arbitrary number of pair 
production in ye, yy and ee collisions may be written down in the universal form (1731). 
where function ^(xi,^) is defined as: 

d 2 q l 



h- 1 



71=1 

a 2 



n 



7r(q, 



2^2 



J 



12 



J, 



n—l.n- 



2ir 2 j 



This function are based on the integral equation: 

x 2 ) = k(x u x 2 ) + h- 1 Jdx'JiX!, x 2 ). 



(83) 
(84) 



(85) 
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There are two different contribution to kernel k{x\,X2) (we do not consider here 7r° 
channels): k(xi, X2) = k e (xi, X2) + k v (xi, X2), with 

} } in a + b — 5ab 

k e (xi,X2) = 4 da dp ~, (86) 

J Q J ax 1 + 0x2 + m z 

, / x } , } ,„l/4 — (a + 6 — 5ab) . . 

fc* (xi,x 2 ) = 2 da d(3- ^ 87 

^ ^ ax 1 + 6x2 + ra 2 

The function ^>j{x\ : X2) dependence of variable j have a square root singularity in 
j-plane. To find the most right position of this cut in j-plane we may investigate the 
homogenous integral equation: 

1 °? 

AV)(xi, x 2 ) = — / dx[k l (x h x[)A^)(x h x 2 ), i = e, 7r. (88) 


Further simplification consists in putting the mass of created particles equal to zero 
m = 0. 

To solve this homogeneous integral equation let expand function ^(^i, £2) by full set 
of functions (xi/x2) x / yJx\X2, with A pure imaginary parameter and find the relevant 
eigenvalue.. 

First we can perform the integration on the intermediate photon momentum. We 
have: 

-—7 = -^-,a^-\ a,b>0, (89) 
a + ot sm(7T7) 

with 7 = — 1/2 + ir). Using the explicit form of kernels k e , k % (see (1861). (1871)) and 
performing a, (3 integration after some algebra we obtain: 

7r 2 (ll + 12r] 2 ) sinh(7rr/) 



K e = 



167/(1 + J] 2 ) cosh 2 (7r?7) 



= 7T 2 (5 + 4y ? 2 )sinh(7rr/) 

32r/(l + r/ 2 )cosh 2 (7rr/)' 1 j 



As a result we obtain the following solution: 



-1 



where 

*w = 12 8A ( r-TC^A) ^ (" - i2A2 ) + * ( 5 - ^ • ( ^ 
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where Nf is the number of charged leptons and is the number of charged mesons. 
The solution if the analytical function of j with the cut located at 1 < j < in = 



1 



04 



[22 Nf + 5iVV] . This formula is the generalization of formula obtained in |2| 



where only charged fermions case was considered. 



IX. CONCLUSION 



The partially integrated cross sections, which takes into account the transfer momen 
turn not exceeding gf 



<Qi = 



2 

■<K, 



95 



< Q2 = v — Q2 are given in Appendix [B 



We choose L n « 20 which is expected at LHC. It can be seen that the cross sections 
are big enough to be taken into account and measured. 
We should note that the deviation from this asymptotic formulae can be considerable. 



For instance the cross section of process pp —> ppee (see formula ( 1B4[ ) in Appendix [Bj) 



.LL 



gives (Jpp_^ ppeE = 9.9 mb at y/s = 14 TeV, while the more precise form is 

28 a 4 



10 



<j 



pp—>ppee 



277rml 



Lp + ALp + BL P + C 



(93) 



where L p = In (s/Mzj and 



A = 



178 



28 



= -6.35714, 



1 



B = — (77T Z + 370 = 15.6817, 

28 v ; 



C = 



If 13 « 
- 348+ ^-210 



13.8182, 



which gives a 
result 



12 



pp^ppee 



= 7 mb. Again for process ee — » 2e2e we have following precise 



a 



ee—>2e2e 



a 



Trmi 



where L e = In (s/m 2 ^j and 

28 



A = — = 1.03704, 
27 



B = 
C = 



178 



AL% + BLl + CL e + D 



(94) 



= -6.59259, 



27 

164 A 490 

< 2 + ^r = -11.8262, 



9 



52 



27 
401 



886 



428 
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In leading logarithmical approximation it gives Ceg^2e2e = 56 mb, while the precise 
value is cr e e^2e2e = 45 mb at yfs = 14 TeV. 
So the formulae given above have the accuracy of order ±(15 — 20)%. 
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APPENDIX A: WEIZSAECKER- WILLIAMS (WW) ENHANCEMENT FOR -ye AND e + e COLLISIONS 

Let us consider the details of e — > 7*e vertex 

e(pi) -> 7*0) +e(pi) 

in peripherical kinematics. Using Sudakov parametrization of the 4-momentum of 
virtual photon: 

q = ap + fipi + q±, p 2 = p\ = 0, q±p = q±_p\ = 0, 2pipi = m 2 , (Al) 
and keeping in mind the electrons on mass shell conditions: 

(Pi - 9) 2 - = -sa(l - /?) - m 2 (3 -f = 0, (A2) 
we obtain for the square of virtual photon momentum: 

(A3) 

We use here the standard definitions q\ = — (f, s = 2pp\ ^> m 2 ,^ 2 . It is important 
to note that transfer momentum is space-like vector with nonzero norm. Performing 
integration on d 2 q in matrix element square and keeping in mind the consequences of 
gauge invariance we obtain an enhancement factor in rapidity j3: 

APPENDIX B: THE TOTAL CROSS SECTIONS OF tt AND tt+tt PRODUCTION 

Let us consider the total cross sections of processes of pions production within 
logarithmic accuracy. In case then the momentum transfer does not exceed the 



9 2 = 



1 a 



-2 , 2 

q + m 
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Q\iQ 2 < we have (see comments to formula ( 155 

a A L 7 



ee— >eeir 



a 



(J 



ee— >eeir 1 it 



12*3/2 

4 a 4 



In 



L 7 



<j 



pp—>ppTT 







27Af2 77 
„4r3 



Li + 6 In f^lln 



M^rrie, 
s 



Qi - Q 2 < M v , 
Qi - Q 2 < AT,, 



a 4 L 



7T 



(J 



ep—>epir° 



12*3/2 
4r2 



a 4 L 



r yp—>p2ir° 



127T3/2 

„5 



Qi ~ Q 2 < M P , 



L n + 3 In 



"fe—>en 



o a 



2 8 7T 6 / 
3 



(7 



(7 



In 



Qi < M ri Q 2 < M P , 

m e J J 

Q 2 < M w , 



4/2 \M,mJ ' 
2a 3 / s \ 
9MJ U VM.mJ ' 



(7 



7e— -*e2ir° 



a 



(J 



7e— >e2(7r + 7r ) 



2 8 7T 6 / 



In 



7T 2 M2 



(J 



77- 



»2^° 



a 



2WftJ 7T/2 



/' <r(j] fi»4 



"71") 



4 - rf 2 ^ 



77— >2(7T + 7r ) 



(7 



77-^37r 



.,6 



"70 



The integrals Roi, Rq 2 , ^12 have a form 

1 l-£Bi 

i2oi («? ) = 2M g 2 / dx x J 



dq{ [dql 2 2 2 

f2 / f2 /t 01 /t 02 it 12- 

J 7T J 7T 





1 l-El 



Ml - M%x 2 x 3 + gf ' 

(iX2 



x 3 = 1 - xi - x 2 , 



(Bl) 



where M g is the loop quark mass (M q ~ 260 MeV). We keep into account only the 
logarithm of ratio of pion and electron masses h.{M^/m e ). As rather good approx- 
imation (within 5% accuracy) we can omit term (— M 2 x 2 x^j compared with M% in 
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Rqi and Ru denominators and obtain the following formulae: 



4M g 2 

-q ' 
2i 



B2) 



Hl2 ( g - g1) = MMMh^Mi). (B3) 



The numerical evaluation of phase integrals gives 



/%4 « 46.2 
/ — |f / — ^"^01^02^12 ~ 2521. 



The total cross sections in leading logarithmical approximation of processes pp — > ppee 
and pp —> pp7T + 7T~ have a form: 

pp^ppee = 3 I j\ 

277rm 2 V M |/ 

pp^ppn+n- = ^ Q i 3 / 5 

27ttM 2 \Ml 

For completeness we evaluate this cross sections at energy \J~s = 14 TeV (avail- 
able at Tevatron). In that case L e = 34, L n = 23 and the cross sections are: 
(j ee ^ ee7r ° = 12 nb, a je-,en° = m nb> ^77^2(7^-) = 2 . 47 pb, 

a ee-,een+n- = 3(39 nbj ^-ye-W^" = 53 nb; ^77-3^ = X g 4 ^ 

^pp^vr = 4 2 g ^e^TT = 0.14 p b, (jPP^PPee = 99 mb; 

(J ep " epf0 = 7.38 nb, (J 7^e2(7r+7r-) = 3 79 pb; ^pp-^ppK+n' = 2Q ^ 

(J 7 " 27r ° = 0.117 pb, = o.076 pb. 

APPENDIX C: DETAILS OF Jf 2 CALCULATION 

We put here some details of obtaining Jf 2 from formula ( TT5l ). After performing traces 
it can be written down in the form: 



JU = j dx f d 2 q + \ (A - D 2 f + m 2 ) (f_ + m 2 




12 _ ' + ' * (D 1 D 2 f 



cfi (<f + + m 2 ) gf (gl + m 



2 (gigl) (ft + m 2 ) -^-^ - 2 (glg + ) (g 2 + m 5 , ^ 
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- 2 



q\ (m 2 - (q+q-)) + 2 (g+Qi) (q-qi) 



D\D<2 



(CI) 



Expression in figure brackets explicitly vanishes if q\ — > or q\ — »■ 0. Each separated 
term contain ultraviolet divergence and requires regularization. That is the reason to 
enter the ultraviolet cut off parameter A. For example the contribution of second and 
third terms are: 

d 2 q+ ((fi(qX + ™ 2 ) q\ (<£. + 



2 In h ^^-^ - 

A) D 



(C2) 



where Dq = — q\ + m 2 . In next terms we join the denominators using Feynman 

trick: 

1 - 1 rlt 

(C3) 



1 



D\D 2 



dt 



2 \2' 

q + -b) +D) 



where b = iq\ + £+(f 2 , and D = m 2 + £tgf + x+X-q% . The following integration 
on q + is straightforward. The dependence of ultraviolet cut off A disappears. The 
result of expression will contain terms with ln(D/m 2 ), D°, D -1 , D 2 , D 3 . Using the 
integration by parts 



1 Tfl 



Jdt 



qf(l - 2t)f(t) 



f(t) 



o o 



D 2 D 

u 

we may express terms containing D~ 2 , in terms with D l . As a result we get: 
J e i2 = J dx + J dt {26(1 - 46) (I - i-) (gf) 2 + 

+ \ [^1(1 + 8a6 - 26) - Sab (q^) 2 } } , (C4) 

where a = ti and 6 = The first term in figure brackets can be written in 

symmetrical form: 

/ dx + J dt2b(l - 46) (^"^) {4f = 



d 



D 



= 2q\\ dx + (x+x-{l - 2x+)) - — In — = 
J dx + Dq 



= -^l/^(l-4a)(l-66). 
o u 

Substituting this result to ( 1C4[ ) we obtain (|T5l). 
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